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The exact analytic solutions of the wave equations
(relativistic and non-relativistic) are only possible for
certain potentials of physical interest under consider-
ation since they contain all the necessary information
in the quantum system [1].
The analytical approximation methods to
KleineGordon equation that describes relativistic spin
0 particles have attracted a great deal of interest in
physics [2]. The solution of the KleineGordon equa-
tion plays an important role in the relativistic quantum
mechanics. In the recent time, many authors have
solved relativistic equations with physical potential* Corresponding author.
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the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/models. These potentials include RoseneMorse po-
tential [3,4], PoscheTeller potential [5,6], five
parameter exponential potential [7,8], Hulthen poten-
tial [9e13], Davidson potential [14], WoodeneSaxon
potential [7,8]. Within the past three decades, however,
the introduction of the concept of supersymmetric
quantum mechanics (SUSY QM) has greatly simplified
the problem in some cases [15] and others [16,17].
Apart from SUSY approach and its extension such as
supersymmetric WKB and supersymmetric path inte-
gral formalism [18], many methods including Niki-
forov e Uvarov method [1,14,19e21], asymptotic
iteration method [22e27] are also used in solving the
wave equation to obtain the energy equation. In this
work, we study the.
KleineGordon equation in an arbitrary dimensional
space with the hyperbolical potential. The hyperbolicaln behalf of University of Kerbala. This is an open access article under
4.0/).
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potential functions [28e30]. The hyperbolical
potential has already been studied under Schr€odinger
equation and Dirac equation by various analytical
tools. Here, bearing in mind the deeper physical insight
that analytical methodologies provide into the physics
of problem, we use the powerful SUSY QM in our
calculations on the D-dimensions, for works in parallel
on D-dimensional space [31e47] and references
therein, one could see many papers.
2. The Klein e Gordon equation in
D e dimensions
The time independent D-dimensional KleineGordon
equation in the atomic units - ¼ c ¼ m ¼ 1, may be
written as [48].
V2NjðrÞ þ ½Mþ SðrÞ2jðrÞ  ½EVðrÞ2jðrÞ ¼ 0;
ð1Þ
where M is the particle mass, E is the energy, V(r)
and S(r) are vector and scalar potentials respectively.















where L2DðUDÞ is the ground angular momentum [48]. In
addition, we know that L2DðUDÞ=r2 is a generalization of
the centrifugal barrier for the D-dimensional space and
involves angular coordinates UD and the eigenvalues of
the L2DðUDÞ [49]. L2DðUDÞ is a partial differential oper-
ator on the unit space SD1 (Laplace Betrami operator
or the ground orbital operator) define analogously
to a three-dimensional angular momentum [50] as
L2DðUDÞ ¼ 
PD
ijðL2ijÞ where L2ij ¼ xiv=vxj  xjv=vxi
for all Cartesian component xi of the D-dimensional
vector ðx1; x2;……; xNÞ. To eliminate the first order








l ðUDÞ ¼ lðlþD 2ÞYml ðUDÞ: ð2cÞ
here, we studied the KleineGordon equation in the
D e dimensions for vector and scalar potential given as
[31,32,46,47].
VðrÞ ¼ SðrÞ ¼ d½1 s0cothðarÞ2: ð3ÞIn order to solve Eq. (1) explicitly with orbital angular
momentum [s0, we apply a suitable approximation-
type. The approximation apply get rids of the orbital









which is valid for ar≪1. In the arbitrary dimension,
we set
Un;[ðrÞ ¼ rD12 Rn;[ðrÞ: ð5Þ












For a non-relativistic limit of potential þV, Eq. (6a)
















¼ xs0 þLa2csch2ðarÞ  2x cothðarÞ E;
ð7Þ
where




x¼ ds0ðEn;[ þMÞ; ð8bÞ
ε¼2dðEn;[ þMÞ; ð8cÞ
L¼ ðDþ 2[ 1ÞðDþ 2[ 3Þ
4
; ð8dÞ





 2x cothðarÞ E; ð9Þ
Fig. 1. En;0 against a with s0 ¼ 0:1, d ¼ 10 and D ¼ 3.
Fig. 2. VðrÞ against 1=r2 with s0 ¼ 0:2, a ¼ 1 and d ¼ 10.
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write the superpotential of the supersymmetric quan-
tum mechanics. The superpotential gives a solution to
the Riccati equation given in Eq. (9). This is to ensure
that the left hand side of Eq. (9) is compatible to the




From the superpotential, the left hand side of Eq. (9)
can easily be obtain as well as the two constants A and
B in Eq. (10) as follows:
W 0ðrÞ ¼ aBcsch2ðarÞ; ð11Þ










The ground state wave function Uo;[ðrÞ is simply
calculated from







where N is the normalization constant. Now, to proceed
to the next step, we construct the supersymmetric
partner potentials V±ðrÞ ¼ W2ðrÞ±dWðrÞ=dr; of the
supersymmetric quantum mechanics








From Eqs. (16) and (17), it is seen that VþðrÞ and
VðrÞ are shape invariant and the relationship between
the two partner potentials is written as [52].
Rða1Þ ¼ Vþðr;a0Þ Vðr;a1Þ; ð18Þ
where the shape invariance holds via mapping of the form
B/B a and a1 is a function of a0 which can bewritten
as a1 ¼ f ða0Þ ¼ a0  a and a0 ¼ B with Rða1Þ as the
residual term and is independent of r. With the shape
invariance approach [51,53e55], we can determine the
approximate energy eigenvalues of the shape invariant
potential of Eq. (17) and obtain the following results:
Here we plotted the graph of energy against a (See
Figs. 1 and 2).Rða2Þ ¼ Vþðr;a1Þ Vðr;a2Þ; ð19Þ
Rða3Þ ¼ Vþðr;a2Þ Vðr;a3Þ; ð20Þ
RðanÞ ¼ Vþðr;an1Þ Vðr;anÞ; ð21Þ
E























where, an ¼ B an. Then,
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value of an into Eq. (24), we obtain the energy
eigenvalue equation asE2n[  d

1þ s20
ðEn[ þMÞ þ ð 2ds0ðEn[ þMÞÞ2	
aþ 2aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





aþ 2aþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa2½1þ ðDþ 2[ 1ÞðDþ 2[ 3Þ þ 4ds20ðEn[ þMÞp
2
#2
: ð25aÞ3. Non-relativistic limit
The relativistic KleineGordon equation is spin-
0 while the non-relativistic Schr}odinger equation is
bosonic in nature (spineless). It implicitly suggests that
a relationship may exists between the solutions of these
two important equations [56]. Alhaidari et al. [57] have
shown the KleineGordon equation of potential V
whose bound state in the non-relativistic limit can
easily be obtained. The essence of the approach was
that, in the non-relativistic limit, the Schr}odinger
equation may be derived from the relativistic one whenR¼ 2dðEn[ MÞ½1þ s0ðs0  2Þ 

E2n[ M2
 a2ðDþ 2[ 1ÞðDþ 2[ 3Þ
4a2the energies of the potentials S(r) and V(r) are small
compared to the rest mass mc2 [56], then, the non-
relativistic energies can be determined by taking the
non-relativistic limit values of the relativistic eigene-
nergies. By using the transformation En[ þM ¼ 2m=Z2
and M  En[ ¼ En[, the relativistic energy Eq. (25a)






a2½1þ ðDþ 2[ 1ÞðDþ 2[ 3Þ þ 8
p




a2½1þ ðDþ 2[ 1ÞðDþ 2
p
2Eq. (25b) is identical to Eq. (27) of Ref. [55]. In
other to obtain the wave functions, we define a variable








2 þ Ryþ Q





n[ M2  2d½ðEn[ MÞð1þ s0ðs0 þ 2Þ
4a2Q¼ E
2
n[ M2  dðEn[ MÞ½1þ s0ðs0  2Þ
4a2
:
Analyzing the asymptotic behavior of Eq. (26) at
origin and at infinity, it can be tested when r/0ðy/1Þ;














þ ðDþ 2[ 1ÞðDþ 2[ 3Þ þ dðEn[ MÞ 

E2n[ M2
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tion Un[ðyÞ ¼ yℂ withℂ¼ 1
2a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




Energy eigenvalues EðþEFn;[Þ with M ¼ 1, d ¼ 10; s0 ¼ 0:2 and
a ¼ 0:25.
D E0;0 E1;0 E1;1 E2;0 E2;1 E2;2
1 1.67852 3.92528 3.92528 5.13021 5.13021 5.27399
2 1.56459 3.89098 4.02361 5.11106 5.18600 5.38800
3 1.67852 3.92528 4.17433 5.13021 5.27399 5.52132
4 1.96540 4.02361 4.36289 5.18600 5.38800 5.66731
5 2.33627 4.17433 4.57553 5.27399 5.52132 5.82042
6 2.73549 4.36289 4.80094 5.30800 5.66731 5.97594
7 3.13610 4.57553 5.03071 5.52132 5.82042 6.13014
8 3.52537 4.80094 5.25869 5.66731 5.97594 6.28035
9 3.89722 5.03071 5.48053 5.82042 6.13014 6.42424
10 4.24881 5.25869 5.69355 5.97594 6.28035 6.56050
Table 3
Energy eigenvalues with M ¼ 1, d ¼ 10; s0 ¼ 0:1 and D ¼ 3.
n [ a En;[ þEn;[Taking a trial wave function of the form
Un[ðyÞ ¼ yℂð1 yÞzf ðyÞ and substituting it into
Eq. (7), we obtain
f
00 ðyÞ þ f 0ðyÞ










Eq. (29) is satisfied by the hypergeometric function
whose solution is found as
f ðyÞ ¼ 2F1ð  n; nþ 2ðℂþ zÞ;2ℂþ 1; yÞ: ð30Þ
Now, replacing the function f ðyÞ with the hyper-




where Nn[ is the normalization factor.Table 1
Energy eigenvalues ðEn;[Þ with M ¼ 1, d ¼ 10; s0 ¼ 0:2 and
a ¼ 0:25.
D E0;0 E1;0 E1;1 E2;0 E2;1 E2;2
1 0.997887 0.984754 0.984754 0.957910 0.957910 0.925690
2 0.999879 0.990193 0.974822 0.964918 0.943621 0.904706
3 0.997887 0.984754 0.962012 0.957910 0.925690 0.880800
4 0.993188 0.974822 0.946425 0.943621 0.904706 0.853970
5 0.985794 0.962012 0.928060 0.925690 0.880800 0.824220
6 0.975706 0.946425 0.906910 0.904706 0.853970 0.791500
7 0.962900 0.928060 0.882950 0.880800 0.824220 0.755760
8 0.947370 0.906910 0.856110 0.853970 0.791500 0.716960
9 0.929080 0.882950 0.826400 0.824220 0.755760 0.675030
10 0.908020 0.856110 0.793720 0.791500 0.716960 0.629910
0 1 0.05 0.999512 1.28726
0.10 0.997982 1.87928
0.15 0.995312 2.53566
1 1 0.05 0.998655 2.61063
0.10 0.994508 3.73250
0.15 0.987392 4.63130
0 2 0.05 0.998662 1.60426
0.10 0.994540 2.59240
0.15 0.987470 3.54579
2 1 0.05 0.997363 3.49838
0.10 0.989293 4.88860
0.15 0.975538 5.88063
1 2 0.05 0.997384 2.77253
0.10 0.989378 4.08832
0.15 0.975730 5.13925




Bound-state energy spectrum for the non-relativistic limit as a func-
tion of a for 2p, 3p, 3d, 4p, 4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g
states with m ¼ Z ¼ 1, s0 ¼ 0:1 and d ¼ 10.
n [ State a En[; D ¼ 2 En[; D ¼ 3 En[; D ¼ 4
0 1 2p 0.10 2.22867 2.61556 3.09295
0.15 3.25891 3.89830 4.59834
0.20 4.17855 4.99062 5.77337
0.25 4.97336 5.86611 6.62542
1 1 3p 0.10 4.50927 4.73223 5.01090
0.15 5.73690 6.03829 6.37740
0.20 6.58259 6.90394 7.22586
0.25 7.16626 7.46417 7.72454
0 2 3d 0.10 3.09295 3.61747 4.15235
0.15 4.59834 5.27263 5.87450
0.20 5.77337 6.43684 6.96110
0.25 6.62542 7.19574 7.59462
2 1 4p 0.10 5.86217 5.99969 6.17297
0.15 6.95176 7.10812 7.28613
0.20 7.56902 1.70634 7.84211
1 2 4d 0.10 5.01090 5.32177 5.64405
0.15 6.37774 6.71441 7.02293
0.20 7.22586 7.50672 7.73066
0 3 4f 0.10 4.15235 4.67061 5.15502
0.15 5.87450 6.38708 6.81066
0.20 6.96110 7.35782 7.64781
3 1 5p 0.10 6.71189 6.80027 6.91213
2 2 5d 0.10 6.17297 6.36810 6.57244
1 3 5f 0.10 5.64405 5.96159 6.26319
0 4 5g 0.10 5.15502 5.59631 5.99096
4 1 6p 0.10 7.26309 7.32099 7.39434
3 2 6d 0.10 6.91213 7.03872 7.17190
2 3 6f 0.10 6.57244 6.77575 6.97058
1 4 6g 0.10 6.26319 6.54204 6.79465
6 C.A. Onate et al. / Karbala International Journal of Modern Science 3 (2017) 1e74. Discussion
From the numerical results obtained, it can be seen
from Tables 1 and 2 that energy degeneracy occurred for
some values of n and [. For example, forE0;0, E1;0 and
E2;0, the energy obtained with D ¼ 1 are equal to the
energy obtained with D ¼ 3: i.e. E0;0ðD ¼ 1Þ ¼ E0;0
ðD ¼ 3Þ; E1;0ðD ¼ 1Þ ¼ E1;0ðD ¼ 3Þ and E2;0ðD ¼ 1Þ
¼ E2;0ðD ¼ 3Þ: These degeneracies occurred only when
[ ¼ 0.
In Table 3, it can be seen that as a increases for all
n, [ and D, the energy obtained increases. This trend
observed in Table 3, are also observed in Table 4.
5. Conclusion
We obtained the solutions of the D e dimensional
Klein e Gordon equation with hyperbolic potential
using supersymmetric quantummechanics (SUSY QM)
after applying a proper approximation to the centrifugal
term. The eigenfunction was equally obtained. Thenumerical results for both negative and positive energy
were also obtained for different states. It is seen from
Table 3 that energy increases with increasing a for
both En;[ and þEn;[.References:
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